Abstract: In this article, some common fixed point theorems for two pairs of compatible mappings together with sub-sequential continuity (alternately sub-compatible mappings together with reciprocal continuity) are proved in the setting of cone metric spaces. Our results are new in this setting especially in view of the note given in Imdad et al. [15] . On the other hand some fixed point results for faintly compatible mappings are also established. Illustrative examples along with their pictorial representation are furnished to highlight the validity of the hypothesis of our results
Introduction
Fixed point theory is one of the most useful and effective tools in several branches of mathematics which has enormous applications within as well as outside mathematics. Starting from the eminent Banach contraction principle [2] , many authors have obtained its numerous generalizations and its applications in different directions ( [5] , [6] , [21] - [24] , [26] ) .
In 2007, Haung and Zhang [13] introduced the notion of cone metric spaces as a generalization of metric spaces by replacing the real numbers by ordering Banach Space. Later on many authors generalized fixed point results of different contractive conditions in cone metric spaces, some of them appeared in ( [7] - [12] , [14] , [16] , [17] , [19] , [20] , [25] , [29] ).
In 1986, Jungck [18] introduced the notion of compatible mappings to generalize the idea of weak commutativity due to Sessa [30] .
Manuscript received June 13, 2017 ; accepted November 15, 2017 . Naval Singh is with Department of Mathematics, Govt. Science and Commerce College, Benazeer, Bhopal, India; Deepak Singh is with Department of Applied Sciences NITTTR, Bhopal, Under the Ministry of HRD, Govt. of India; L. N. Mishra (corresponding author) is with the Department of Mathematics, Lovely Professional University, Punjab, India; Om Prakash Chauhan is with Department of Applied Mathematics, Jabalpur Engineering College, Jabalpur, India.
In 1998, Pant [27] defined a new continuity condition known as reciprocal continuity and obtained a common fixed point theorem by owning the concept of compatibility in a metric space.
In 2009, Bouhadjera and Godet-Thobie [4] further enlarged the class of compatible (reciprocally continuous) pairs by introducing the concept of sub-compatibility (sub-sequential continuity) of pairs of mappings, which is substantially weaker than compatibility (reciprocal continuity). Afterward, Imdad et al. [15] improved the results of Bouhadjera and GodetThobie and showed that these results can easily be recovered by replacing sub-compatibility with compatibility or sub-sequential continuity with reciprocal continuity. Recently, the notion of faintly compatible mappings announced by Bisht et al. [3] as an improvement of conditionally compatible mappings.
The aim of this paper is to prove some common fixed point theorems for two pairs of self-mappings by using the notions of compatibility and sub-sequential continuity (alternately sub-compatibility and reciprocal continuity) satisfying general contractive conditions in a cone metric space.
Preliminaries
For basic terms and notation in cone metric space we refer to [13] . In the following we always suppose E to be a Banach space, P is a cone in E with intP ̸ = / 0 and is a partial ordering with respect to P. 
Then d is called a cone metric on X, and (X, d) is called a cone metric space.
For convergence, Cauchy sequence and completeness we refer to [13] . One can easily verify that if two self-mappings are continuous, then they are clearly reciprocally continuous, but the converse statement does not hold good in general. Furthermore, in the setting of common fixed point theorems for compatible pairs of self-mappings satisfying contractive conditions, continuity of one of the mappings implies their reciprocal continuity but the converse is not true. 
Main Results
Our main results runs as follows.
Theorem 1. Let A, B, S and T be self mappings on a cone metric space (X, d), where d : X × X → E. Suppose that the pairs (A, S) and (B, T ) are compatible and sub-sequentially continuous (alternately sub compatible and reciprocal continuous), satisfying the inequality
for all x, y ∈ X, where
Then A, B, S and T have a unique common fixed point in X.
Proof. If the pair of mapping (A, S) (also (B, T )) is sub-sequentially continuous and compatible, there exists a sequence {x n } in X such that
and lim
so that At = St. Similarly, with respect to the pair (B, T ), there exists a sequence {y n } in X such that
Hence t is a coincidence point of the pair (A, S), whereas z is a coincidence point of the pair (B, T ). Now we assert that t = z. If t ̸ = z then using inequality (1) with x = x n and y = y n , one gets
) .
Which on letting n → ∞, reduces to
which is a contradiction. Therefore t = z. Next to show that At = t. On the contrary if At ̸ = t, then from inequality (1) with x = t and y = y n , we have
Taking the limit as n → ∞, we get
this is a contradiction. thus At = t. Therefore At = St = t. Now we show that Bt = t. If Bt ̸ = t then using inequality (1) with x = x n and y = z, we have
Making on n → ∞, one gets
is, t is a common fixed point of A, B, S and T .
Uniqueness: For uniqueness suppose that w is another fixed point of mappings A, B, S and T which is different from t. Thus Aw = Sw = Bw = Tw = w. From inequality (1) with x = t and y = w, we have
which is a contradiction. Hence t = w. Thus the common fixed point is unique. Now suppose that the mappings (A, S) and (B, T ) are sub-compatible and reciprocal continuous. Then there exists a sequence {x n } in X such that Therefore, At = St and Bz = T z, that is, t is a coincidence point of the pair (A, S) whereas z is a coincidence point of the pair (B, T ). The rest of part the proof can be completed easily.
If we set A = B and S = T in Theorem 1, we obtain the corollary for two mappings. 
for all x, y ∈ X, where k 1 , k 2 , k 3 ≥ 0 and k 1 + k 2 + 2k 3 < 1.
Then A and S have a unique common fixed point in X.
Now we furnish two illustrative examples to highlight the utility of Theorem (1). First example is presented for compatible and sub-sequential continuous mappings 
is a constant. Define the self mappings A, B, S and T by
and
Consider another sequence {x
Clearly, lim
Thus, the pair (A, S) is compatible as well as sub sequentially continuous but not reciprocally continuous (the same for the pair (B, T )).
Next we show that inequality (1) is satisfied.
Following case are dealt in detail.
Case I: When x, y ∈ [0, 1], d ( x 6 , y 6 ) ≤ k 1 ( d ( x 5 , y 5 ) + d ( x 6 , x 5 )) + k 2 ( d ( x 5 , y 5 ) + d ( y 6 , y 5 )) + k 3 ( d ( x 5 , y 5 ) + d ( x 5 , y 6 ) + d ( x 6 ,y 5 )
2
( 
) . 
Calculating the same as in Case I, we conclude that Inequality
. 
, y + 5 6
. Next example validates the alternative hypothesis in Theorem 1.
Example 2. Let (X, d) is a cone metric space with partial ordering ′ ≤ ′ and E
= R 2 , P = {(x, y) ∈ E|x, y > 0} ⊂ R 2 , X = R, d : R × R → E, where R = (−∞, ∞) such that d(x, y) = (|x − y|, α|x − y|), where α ≥ 0
is a constant. Define the self mappings A, B, S and T by
Also,
Consider another sequence {x
Next, Some more results are demonstrated with the different mapping conditions.
Thus, the pair (A, S) is reciprocally continuous as well as sub compatible but not compatible (the same for the pair (B, T )). As in Example 1 it is easy to check that inequality

Theorem 2. Let A, B, S and T be self mappings on a cone metric space (X, d), where d : X × X → E.Suppose that the pairs(A, S)and(B, T ) are non-compatible, faintly compatible, reciprocal continuous and satisfying the inequality (1).
Then A, B, S and T have a unique common fixed point in X. 
Now we claim that AAu = Au. On contrary suppose AAu ̸ = Au then using inequality (1) with
Next to show that Au = BBv, utilizing inequality (1) with x = u and y = Bv Uniqueness of the fixed point is an easy consequence of (1). This completes the Proof.
If we set A = B and S = T in Theorem 2, we obtain the corollary for two mappings. 
Then A and S have a unique common fixed point in X.
Now, the following example is furnished to highlight the utility of Theorem 2 when involved pair of mappings are non-compatible,Faintly compatible and reciprocal continuous. 
Define the self mappings A, B, S and T by
Ax = Bx = { 2, i f x ≤ 2 4, i f x > 2 and Sx = T x = { 4 − x, i f x ≤ 2 8, i f x > 2. Consider the sequence {x n } = {2 − 1 n } n∈N in X. Then lim n→∞ Ax n = lim n→∞ (2) = 2 = lim n→∞ ( 2 + 1 n ) = lim
